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Abstract 



K> ' We study the symmetries of the free Schrodinger equation in the non-commutative 

plane. These symmetry transformations form an infinite dimensional Weyl algebra that 
appears naturally from a two dimensional Heisenberg algebra generated by boosts and 
momenta. A finite dimensional subalgebra is the Schrodinger algebra which apart from 
the Galilei generators has dilatation and expansion. We consider the quantizations in 
both the reduced and extended phase spaces. 



1 Introduction and results 

The symmetries of a free massive non-relativistic particle and the associated Schrodinger 
equation have been investigated. The projective symmetries of the Schrodinger equa- 
tion induced by the transformation on the coordinates (t, x) are well known. They 
form the Schrodinger group [1] [2] [3] [5] that, apart from the Galilei symmetries, con- 
tains the dilatation and the expansion. Recently Valenzuela [5] (see also [6]) discussed 
higher-order symmetries of the free Schrodinger equation. These symmetry transfor- 
mations form an infinite dimensional Weyl algebra constructed from the generators of 
space-translation and the ordinary commuting Galilean boost. The extra symmetries 
that do not belong to the Schrodinger group correspond to higher spin symmetries. 
These transformations are not induced by the transformations on the coordinates but 
they map solutions into solutions of the Schrodinger equation. 

In the case of 2+1 dimensions, the Galilei group admits two central extensions 
|8j [9], one associated to the exotic non-commuting boost and other appearing in 
the commutator of the ordinary boost and spatial translations. The non-relativistic 
particle in the non-commutative plane was introduced in [10] by considering a higher 
order Galilean invariant Lagrangian for the coordinates (t, x) of the particle. A first 
order Lagrangian depending on the coordinates (t, x) and extra coordinates v was 
introduced in [IT]. For these Lagrangians there are two possible realizations, one with 
non-commuting (exotic) boosts, and the order with ordinary commuting boosts [9] 

In this paper we study all the classical symmetries of a massive free particle in 
the non-commutative plane. As we will see they are constructed from the Heisenberg 
algebra of commuting boost X{ and the generators of translations P{, {X{,Pj} = 
^jji {hj = 1) 2), all of which are constants of motion. The algebra of these symmetries 
is the infinite dimensional Weyl algebra associated with the Heisenberg algebra. 

The subset of generators constructed up to quadratic polynomial of {Xi,Pj) form 
a finite dimensional subalgebra, which in turn contains the 9-dimensional Schrodinger 
algebra. A general element of the Weyl algebra is given by <8(Xi,Pj). We study the 
realization of these algebras in the classical unreduced phase-space, as well as in the 
reduced one, which appears due to the presence of second class constraints. 

We have also studied all Noether symmetries of the free Schrodinger equation in 
the non-commutative plane, which also form a infinite dimensional Weyl algebra. The 
generators of the Schrodinger algebra are constructed in the quantum reduced phase 
space, as well as in the extended one. In the extended space we impose non-hermitean 
combinations of the second class constraints. In this case we consider two represen- 
tations for the physical states, namely a Fock representation [12] and a coordinate 
representation. We show the equivalence between the reduced and extended space 
formulations. 

The organization of the paper is as follows. In section 2 we study the classical 
symmetries of the massive particle in the non-commutative plane. Section 3 is devoted 
to study the quantum symmetries of the Schrodinger equation. 



2 Classical symmetries of the non-relativistic 
particle Lagrangian in the non- commutative plane 

The first order Lagrangian of a non-relativistic particle in the non-commutative plane, 
see for example pT|, is given by, (i,j = 1, 2), 



L,ric — ^ 1 ViXi 



+ o e ii v i v 3- 



(2.1) 



This Lagrangian can be obtained using the NLR method |13j applied to the exotic 
Galilei group in 2+1 dimensional, see |14j for the case of exotic Newton-Hooke whose 
flat limit gives (|2.ip . The coordinates Xj's are the Goldstone bosons of the transverse 
translations and fj's are the Goldstone bosons of broken boost. The v^s and k are 
dimensionless. 

The Lagrangian (|2.ip gives two primary second class constraints 
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(2.2) 



where pi and 7Tj are the momenta canonically conjugate to Xi and Vi. The constraints 
(12. 2h satisfy relations 

(2.3) 
(2.4) 



{IT , n, } = Ke i3 , {v h Vj} = o, {n* , Vj } = mS^ , 

and the Dirac hamiltonian is 

p 2 

2m 



up to quadratic terms in the constraints. 

From the canonical pairs (x,v,p,ir) we get a new set of canonical pairs (x,v,p,n) 
as 
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In terms of new variables the constraints (|2.2|) become a canonical pair, 
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m 



-V « 0, 
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2m 



eaV « 0. 



The position and momentum of the particle are expressed as 



Xi — Xi 



2m 2 



e ijPj 
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Pi =pi, 



(2.6) 
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1 Note that this Lagrangian is not dynamically equivalent to the higher order Lagrangian for a non- 
relativistic particle proposed in [10] . It can be obtained from (|2.1[) using the inverse Higgs mechanism 

ma. 



and the Dirac Hamiltonian is (12.41) is written as 



E = ±fi. (2.8) 

The phase space is a direct product of two spaces. One is spanned by (v,tt) with the 
constraints (J2.6D 

Vi « 0, f t « (2.9) 

and thus classically trivial. The other one is spanned by (x,p) with the Hamiltonian 
(12. 8|) . It is a system of free non-relativistic particle in 2D but with the coordinates Xi . 
We will see how the Schrodinger, or the more general symmetry algebras, are realized 
on it. 

Classical Noether symmetries are generated by constants of motion which are ar- 
bitrary functions <3(Xi,Pj) of 

Xi = xi(0) = Xi{t) - —Pi(t), and Pi = ft(0) = pi(t), (2.10) 

m 

verifying 

{P i ,P j } = 0, {X h P j } = S ij , {X u X J } = 0. (2.11) 

The Lagrangian (|2.ip is quasi-invariant under the transformation generated by (3(Xj, Pj) 
The canonical variation of (x, v) are 

d<5 d<5 t d<8 k d<3 

oxi = -— = — — — - + -—^ea- 



dpi dPi m dXi ' 2m 2 %J dXj 
Svi = *— I* (2.12) 

When we consider the variation of the Lagrangian (|2.ip (&c, <5u) are (|2,12p in which 
(PijTTi) are replaced by, using the definition of momenta (|2.2j) . 

Pi^mvi, 7Tj -» --CijVj, Xi-> Xi-tVi + —eijVj, (2.13) 

It follows that the variation of the Lagrangian becomes a total derivative, 
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Pi=mVi,TTi 



(2.14) 
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2.1 Galilean symmetries 

We start by considering the Galilean symmetries of (|2.ip . the action is invariant under 
translations and boost 

x > i = x i + a i v'i = Vi (2.15) 

^=Xi-ftt, v'^Vi-Pi (2.16) 



and under rotations and time translations, 

x\ = Xi cos ip + eijXj sin (p, v\ = v% cos ip + eyUj sin 93, (2-17) 

t' = t--f. (2.18) 

The corresponding Noether charges of translations and boosts are given as 



K K 

-e ijVj = mX i + — 



Pi=Pi, Ki = mxi- pit-7Ti + -eijVj =mXi + —eijPj, (2.19) 



while the angular momentum is 

J = 6ij(xiPj + ViTTj) = €ij(XiPj + ViTTj). (2.20) 

Together with total Hamiltonian (|2.4p . They generate the exotic Galilei algebra [H[8l[9] 

{H,J} = 0, (2.21) 

{H,K l } = -P i , {H,Pi} = 0, (2.22) 

{J, Pi] = eijPj , {J,Ki} = eijKj , (2.23) 

{Ki, Pj} = m6 tJ , {Ki,Kj} = -Key, (2.24) 

{P i ,P i } = 0. (2.25) 

It seems that the Lagrangian (|2.ip gives a phase space realization of the 2+1 Galilei 
group with two central charges m, k. However one of the central charges is trivial, 
since, if we modify the generator of boost as in [9], 

Ki = Ki- —eijPj = mXi = mxi - iri + -K€ijVj - —eijPj - pit (2.26) 

(H, P, K, J) verifies standard Galilean algebra without k. The physical change of the 
boost generators is to shift the parameter of translations 

ai ""*■ ai + 2^ eij/?i ' ^ 2 ' 27 ^ 

Note that modified boost generators Ki are proportional to the coordinates at t = 0, 
Xi = x l (0), that verify {Xi,Xj} = and we have a realization with only one non-trivial 
central charge associated to the mass of the particlcl • 



Note however that SkiL = Sj^L = -^{—mxi — ^ey«j)/3j, where /3, is boost parameter. 



2.2 Schrodinger symmetries 

Note that Xi,Pj in (|2.1ip form a two dimensional Heisenberg algebra 

rj 2 = { 1, Xi, Pi ; {Xi, Pj} = Stj , i,j = 1, 2}. 

The Weyl algebra, denoted by [t)^], can be defined as one generated by (the Weyl 
ordered) polynomials of the Heisenberg algebra generators, (Xi, Pi), [1)1] is the infinite 
higher dimensional algebra of a particle in the non-commutative plane. There are finite 
dimensional subalgebras of the higher spin algebra whose generators are constructed 
from the product of generators Xi,Pj up to second order [5]; 

fa C Galilei C Sch{2) c F) 2 esp(4) C [i}* 2 ]. (2.28) 

Sch(2) is the Schrodinger algebra in 2D, whose generators are those of the Galilean 
algebra Xi, Pi, H, J, and the dilatation, D, and the expansion, C, given by 

t \ K 

D = XiPi = XiPi p 2 7TiPi + -—ei j piV j , (2.29) 

m m 2m 

C = mX l X i = mxl + -t 2 p 2 i + ~A + -£-«* + ^v\ 

m m Am 4m J 

k 2 

ZtXiPi ZXiTTi -\- KEijXiVj CijXiPj T" ^Pt^i 

mm 
2 

- —tEijPiVj €ijTTiVj H ^ij^iVj ~ T^ViPi. (2.30) 
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In the same spirit, we also redefine the generator of rotations as 

J = eijXiPj = eijXiPj - ^p 2 + ^ViPi + —eijPiirj (2.31) 

which, up to square of constraints, coincides with (|2.20p . 
The new, non-zero Poisson brackets are 

{D, C} = -2C, {D, H} = 2H, {H, C} = -2D, 

{D,Pi} = Pi, {D,X i } = -X l , {C,Pi] = 2mXi. (2.32) 

The transformations of the coordinates Xi,Vi under dilatation and expansion are 
obtained from (|2.12p as 

SdXi = — (mxi — 2mtvi + KEijVj), (2.33) 

m 

$DVi = -avi, 

A k 2 

5c%i = — (2mt 2 Vi — 2mtxi + KSijXj — 2nteijVj vA, (2.34) 

m j j j j 2m 

8cVi = — (— 2mxi + 2mtvi — ne^Vj), (2.35) 

m 

where a and A are the corresponding infinitesimal parameters. 

(5 



2.3 Reduction of second class constraints 

The classical symmetry algebra is also realized in the reduced phase space defined by 
the second class constraints IT = Vi = 0. The Dirac bracket is 

{A, B}* = {A B} + {A, Uij-lVi, B} - {A Vi}-{Ii u B} - {A, Vij^Vj, B} (2.36) 

m m m z 

and yields 

{xi,Xj}* = —eij, {xi,Pj}* = Sij, {Pi,Pj}* = 0. (2.37) 

In this space, the symmetry transformations are generated using the Dirac bracket 
and the reduced generators, which can be obtained by substituting Vi = Pi/m, -Ki = 
— n/(2m)eijPj into the standard ones. In particular the Schrodinger generators are 
given by 

(2.38) 
(exotic Gal) 

mxi — tpi -\ enPj, (standard Gal) (2.39) 

2m 

(2.40) 
(2.41) 

(2.42) 

p?-2txiPi-\ eijXiPj. (2.43) 

m 4m J m 

~ ( R) ( R) 

They generate the Schrodinger algebra with the Dirac bracket, since K\ , P> gen- 
erate a Heisenberg algebra: 

{kl R \pWy = mS ij , {P$ R) ,P} R) Y = 0, and [k\ R \ Rf >}* = 0. (2.44) 

Symmetry transformations are generated either using the Poisson brackets in the 
original phase space or using the Dirac brackets with the reduced generators, (|2.38p ~ 
(|2.43p . For example the "exotic Galilei" generators Ki are satisfying 

{K u Kj} = {k {R) ,K (R) Y = -KCtf, (2.45) 

and generate "standard(covariant) Galilei" transformation of (xi,Pi) as 

Sxi = {x h p ■ K} = { Xi , ■ K^Y = -t/3i, 

5 Pi = { Pi , (3 ■ K} = {pi, p ■ K^Y = -mpi. (2.46) 

The "standard Galilei" generators Ki are satisfying 

[ki.kj) = {k[ R \kf>y = o. (2.47) 
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= Pi, 


K w ._ 


K 

= mxi-tpi-\ eijPj, 
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k\ R) - 


K i R ) K e .. P (R) - 
~ Ki 2m l ^ ~ 


H (R) -_ 


1 2 

2m Pi ' 


J( R ) = 


- CijXiPj + 2 m 2^*' 


D {R) -_ 


1 2 
= PiXi tPi, 
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C (R) __ 


o X o 9 1% 
= mX i + J Pi + AH- 



and generate "exotic(non-covaraint) Galilei" transformation of (xi,pi) 

Sxi = {x i ,P-K} = {x i ,P-k^}* = -tp i + ^e ij ^, 

2m 

S Pi = {p h p ■ K} = { Pi , ■ K^}* = -mPi. (2.48) 



3 Quantum symmetries of free Schrodinger equa- 
tion in the non- commutative plane 

In this section we will study the quantization of the model at the level of the Schrodinger 
equation and their symmetries. We will quantize it in two approaches, one in the 
reduced phase space and the other in the extended phase space. 

3.1 Quantization in the reduced phase space 

In the classical theory Xi has a nonzero Dirac bracket {xi,Xj}* as in ()2.37|) in the re- 
duced phase space. Since Dirac brackets are replaced by commutators in the canonical 
quantization one cannot have a Xj-coordinate representation of quantum stateqj. To 
discuss symmetries of Schrodinger equations we introduce new coordinates 

Vi = Xi + ^2 e ijPj^ Qi = Pu (3-1) 

such that 

{yuVj}* = o, {yi,qj}* = <%, {<n,Qj}* = o. (3.2) 

The Schrodinger equation (idf — H)\^f(t)) = takes a form of free particle for the wave 
function 

*(y,t) = (y|tt(t)>, Vi\y) = yi\v), (y\y') = s 2 (y-y'), (3.3) 



as 

2m 



(idt-—(-id y ) 2 )*(y,t) = 0, (3.4) 



and the inner product is 

(*\V) = [ dyVfai)* (y,t) . (3.5) 

Note that y« are not covariant under exotic Galilei transformation generated by K{ 

6 yi = { yi ,p-K} = {y i ,f3-K^y = -f3 l t-^e lj f3 j , (3.6) 

but covariant under the Galilei transformation generated by i-Q 

5 yi = {y i ,p-K} = {y i ,P-KW}* = -/3 i t (3.7) 



3 Since q^s are commuting the momentum representation is possible |llj. 



The position operators, covariant under Ki, are 



•%i — Vi 



en 



2m 2 tJ 



-idy.). 



(3i 



They are Hermitian since yi = yi, qi = — id yi are Hermitian in appropriate boundary 
conditions on vl/ (y,t). 

Although in our free theory we are able to work with the operators yi, %, the non- 
commutative position operator Xi = yt — ~^i e ij{~ ^°yj) may be necessary to describe 
interactions, for example with the electromagnetic field, which introduce couplings with 
a source at position Xj, see for example [11] [16] [T7] . 

If we denote generically by &^ R '(t,x,p) = &{X, P)|n=v=o the generators of the 
Weyl algebra in the reduced classical space the generators in this quantization are 
given by 



>,« 



<S\ L) (t,y,q)=& i 



(R) 



t i=vr 



= ®i(y q,q), 



(3.9) 



with fa = —id/dyi and with the appropriate dealing of operator ordering. In particular 
the Schrodinger generators are 



,d 



(i 



ft 1 
£(i 



d 

myt - tq% = myi + it 



d_ 



1 

2m 



i 



i a 2 



2m dyi 2 ' 
_d_ 

- . 1 -2 

y { q { - l tq i 

m 



d 1 d 2 

-m-K- h — t—^ - 1, 

oyi m ay i 



(3.10) 
(3.11) 
(3.12) 
(3.13) 
(3.14) 



1 did 2 
my 2 - 2t yi qi + 2i£ + —t 2 q 2 = my 2 + 2\ty % — 1 2 —^ + 2it, (3.15) 

fit \J Lj'i fit CJ (V-j 



where a Weyl ordering has been used for ft 1 ' and C^- 1 ' . These generators are Hermitian 
operators when acting on the wave functions *&(t,y). Furthermore, they obey the 
abstract quantum Schrodinger algebra off shell, with non-zero commutators given by 

[Ki, Pj] = imSij, [J, Pi] = ieijPj, [J, Ki] = itijKj, [H, K { ] = -LPj, 
[D, H] = 2iH, [D, Pi] = iP h [D, Ri] = -iki, 
[D, C] = -21(7, [H, C] = -2LD, [C, Pi] = 2ii^. (3.16) 

Using these, together with 



[id t ,Kl 1) ] = -iPl 1 \ [id t ,ft 1) ] = -2iHW, [id t ,CU] = -2ift 1 \ 



(3.17) 



one can show that 



ia-tfW « (1) 



(3.18) 



for all the generators (&\ , which proves the invariance of the Schrodinger equation 
under the Schrodinger transformations in this reduced space quantization. 
The wave functions transform as 

q,' ( y , t) = e^®' 1 '^-^* (y, t) , (3.19) 

where a, are the parameters of the transformations. 

The on-shell Schrodinger transformations on the wave functions ^ {y, t) induce 

y'(y,t) = e A+w f{y',t'); (3.20) 

where the coordinate transformations of (y, t) is the (N=l) conformal Galilean transfor- 
mation and in the multiplicative factor e +lB , A and B are real. For each Schrodinger 
transformation we have (see, for instance, [3], |18j ) 

1. H (time translation), 



2. D (dilatation), 



3. C (expansion), 



t' = t + a, y' = y, A = B = 0, (3.21) 



t' = e x t, y' = e^y, A = ^, B = 0, (3.22) 



f = - J -, 1/, = -^, e A = f l „ B = - ; my \ , (3.23) 

1-Kt l 1-Hit (1-Kt) 2(1 -ACt) 

4. /3fPj + /3/Xj, ([/3f] = L, [01] = L" 1 ), (spatial translations and boost) 

t' = t, tf^yi + tfP+tP-h A = 0, B = -2™ 1 = -m{y i + \{$+A))^. 

m 2mm 

(3.24) 

The difference of the transformation from one of ordinary Schrodinger equation is 
that in the non-commutative case the coordinates that are transformed by conformal 
Galilean transformations are the canonical one yi and not in the physical positions of 
the particle x%. 

The invariance of the solutions of the Schrodinger equation under a general element 
of the Weyl algebra can be proved using the invariance under the generators of the 
Heisenberg algebra and commutator properties (|3.17p . 
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3.2 Quantization in the extended phase space 

In order to quantize the model in the extended phase space the second class constraints 
(12.21) are imposed as physical state conditions by taking their non-hermitean combi- 
nations as in [14] . We first consider the canonical transformation (|2.5p that separates 
the second class constraints as new coordinates. It is realized at quantum level as a 
unitary transformation 

q = U^qU, U = e ™ Pi(7r '-S £ y u i), (3.25) 

For example, 



•^ / 



U^XiU = Xi (iTi €ijVj) -\ eij( — -). (3.26) 



It is useful to introduce the complex combinations of the phase space variables 
tx± = tx\ ± m2 and v± = vi± W2 , which allow us to introduce two pairs of annihilation 
and creation operators 

o± = -t=(tt± - »,S±), «± = "aH^f + *o&f)- ( 3 - 27 ) 

The creation operators a± are their hermitean conjugate satisfying 

[o±, a ] ± ] = 1, others = 0. (3.28) 

Using the Fock representation for (v,tt) and coordinate representation for (x,p), any 
state of this system is described by 

!*(*)>= Yl [dy\n+,n-)®\y)® n+n _(y,t), (3.29) 

where |n + ,n_) is the eigenstate of N± = a±a± with eigenvalues n±6NU {0} and \y) 
is the eigenstate of commuting operators X{ with eigenvalue j/j. They are normalized 
as 

(n + ,n-\ri + ,n'_) = S n+n > + 6 n _ n >_, (y\y f ) = 5 2 {y - y'). (3.30) 

The scalar product is given by 



<tf|*'> =J2 I " d V *n + n_ fa tX + n_ (V, *)• (3-31) 

n± J 



In the quantization in the extended phase space the second class constraints (|2.2p 
are imposed as the physical state conditions by taking their non-hermitean combina- 
tion, 

a±\V phys (t)) = 0. (3.32) 

11 



It means physical states are minimum uncertainty states in (v,rr). It selects out only 
n + = n_ = state and & n+ n_(y,t) = except for $0,0(2/)*) = $o(y,t), 



\*ph v .(t)) = J dy |0,0) ® |y) *o(l/,*)- (3.33) 

The Schrodinger equation is 

~2 

(»^-^oi*ph Va (t)) = o, #=f^ ( 3 - 34 ) 

and thus 

(id t -H)$ o (y,t)=0, H = ^-(-id y f. (3.35) 

Generators of Schrodinger algebra &i in the extended space are written in bilinear 
forms of 

Xi = Xi(0) = Xi(t)-tpi(t), Pi=Pi(0)=Pi(t), (3.36) 

in (|2.10jn . Since they commute with a± and a± physical states remain invariant. They 



act on the physical states as 

\% hys (t)) -> \Khys(t)) = e W{X > P) \% hys (t)) (3.37) 

it turns out the transformation of the wave function &o(y,t) 

<f>' (y,t) = e i<6ix > p) $ (y,t) = eMto-^-^U-^VQofat). (3.38) 

This transformation has the same form as one in the reduced phase space generated 
by (|3.9p - fj3.15[) . Then the wave function in the reduced space ^(y,t) = (y\W(t)) and 
^o(y 5 1) = (y\ ® (00|W(t)) that appear in the extended space quantization are identified. 
Note in the former (y\ is eigenstate of jji = Xi + -^i^ijPj i n (|3.1|) but (y| in the latter 
is eigenstate of Xj that are commuting in the extended space. 

We can see how the non-commutativity of the position operators appears. x± = 
x\ ± 1x2 are commuting in the extended phase space. Using (|2.5D we write 

K I Ik + 

x + = x + +i- — =p++i\ — o a -j 
Zm z V rn 



X- = X- — i -p_—i\ — -d- = xl. (3.39) 

2m z V rn z 

In the reduced space quantization a± are effectively put to zero and x± becomes non- 
commutative operator on | >!>(£)). On the other hand in the quantization in the extended 
space expectation values of the position operators between two physical states are 



<*|x±|*'> = [ dy dy' My,t)(y\(o\(x ± ±i-^p ± ±iJ^ ( a -))\o)\y')$o(y\t) 

J 2m z V wr \a_/ 



/■ 



K 



dy $o(y,t)(y±±i^(-2id y± ))& (y,t). (3.40) 



4 Although the angular momentum J in (|2.20l) contains a term that rotates constrained sector, which is 
trivially invariant under rotation. 

12 



Commutative position operators x± on states |\£) act as non-commutative operators 
(y± ± i-^ I {—2id y± )) on the wave functions $o(y,t) . 

It is useful to consider the unitary transformation U on the creation and annihilation 
operators a±,a±, 

a + = U'a+U = a+, 



rfa-U = a_ - «/-^p_. (3.41) 



2m 2 



The quantization in the extended phase space can be also done by considering the con- 
straint equations ()3.32j) in terms of the operators a± , a± . The physical state conditions 
d331 are 



/2m 2 
a+\% hya (t)}=0, (p--\ a-)\* ph y a (t)) = 0. (3.42) 



It is a coherent state of a_ with eigenvalue */pTj?_ [12]. The Schrodinger generators 
in this representation are 



(2) , _,_ . « s * , . «/ /2m 2 /olV 

2m z m m z V k \ a -/ 

^± 2) = P± = -2i9x T , [x ± ,p T ] = 2i, 



DK ' = o \( X +P-+P+ X - P+P-) + i—o{P+ - \ a-)P- - i—zP+ip- ~ \ o_ 

2 \ m m z V K m z V k 

C (2) = o (0 r +-«7r^+)( a; - +i7T^P-) d x + -i7T^P+)P- +P+( x - + i 7T^P-) ) 

2 \ 2m z 2m z m 2m z 2m z J 

t 2 1 . k . £ w . n w /2m 2 , 

+ 7r^^+ p - + o^ x + ~ ? ^T^ P +) P+)(- ? — HP- - V a -) 

2?n z 2 2m z m m z V k 



1 . k , 1 2m 2 * w/ . k s f 



+ o i ^(P+-\ aL)((x_ -H— ^J-) p_) 

2 m z V K 2m z m 



1.. k . /2m 2 + . . . K , 1 2m 2 

+ o (* — U>+ - V 0-))(-«— 2 (P- - V a ~))- 

V K m z V K 



2 m 



i / , k K , /2m 2 + , k 2m 2 



j{2) = o [ (x+P- - P+x- - i—^P+P-) + i—o(p+ - \ a~)P- + i^P+{P- \l ~ 

2 \ m z m z V k m z V K 

(3.43) 

These generators commute with the constraint equations and the Schrodinger op- 
erator (idt — H). Notice that the set of generators do not depend on a+,a + therefore 
the transition to the Fock space used in [12] is recovered. 

The Fock expression of a generic element of the Weyl algebra &(X,P) can be 
obtained using the expression of the operators X and P given by (|2.10p . 
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3.2.1 Coordinate representation 

In the representation of coordinates the time Schrodinger equation and the constraint 
equations (I3.4ip in the non-commutative plane becomes )14j 



( ■£- + jv+ 

(dm m d \ , , . 

S 2 V = i—v- - i--— * ( x , v, t) = 0, 3.45 

\ox+ 4 k au+y 

/ B 9 r9 2 \ 
S 3 * = i^- + - - - * (x, v, t) = 0. (3.46) 

\ at m ox+ox- J 

In this representation, the operators associated to the generators of the Heisenberg 
algebra are 

A = - i— - i— 

dx + dx- ' 

h a a 



dx + dx- ' 

d k , d d 



X 1 =-(z + +x_)+ it-— -—+i£ + —-— + -K -?;_)+ i—+i 



2 V 2777,/ <9x+ V 2m 7 9x_ 4i 9v + <9i;_ ' 

772, s/.^\9 / . k \ d n , . 9 9 



~ r m , . ( . K \ O f . K \ K . , 

K 2 =-(*+-£_)- t + i_ -_+ i-i— -—--(!,+ +t,_) 



+ 



2i V 2m 7 <9x+ V 2m 7 9x_ 4 <9v+ dt> _ ' 

(3.47) 

or, in covariant form, 

A = - i^, (3-48) 

~ // tj* ^ t^- s~y 

Ki =mxt + it- h i- — €y- h -ejjfj + i— , (3.49) 

axj 2m axj 2 cw; 

which, indeed, satisfy [Pj,ifj] = —imSij, with all the other commutators equal to zero. 

It is immediate to check that the operators A K% commute with all of Si, S 2 and 
S3, and hence that they generate Schrodinger symmetries for the free particle in the 
non-commutative plane. 

The rest of generators of the Schrodinger algebra are given by 

d 2 1 a 



hi = 


m dx + dx^ 2m dx^ ' 


(3.50) 


J = 


d k d 2 . k d 1 d 2 
3 % dxj 2m 2 dxi 2 2m l dxi m dxi dvj ' 


(3.51) 


D = 


d 1 d 2 1 d 2 k d 

^Xi + t + +1 CijVi 1, 

oxi m oxc m oxi ovt 2m oxj 
14 


(3.52) 



d k 2 d k d k d 

oxi 2m z oxi m oxj m axj 



as d „. d 1 2 d 2 k 2 9 2 Id 2 






m dvj dvi m dxi 2 4m 3 dxi 2 m dvi 2 

2 d 2 k d 2 2 k 2 2 , 

- — £- — ^— H 2 e «i^ — a !" mx i + Ke ij x i y j + i— w i + 2lt - ( 3 - 53 ) 

Using these expressions, one can check explicitly the commutators (|3.16|) . and also 
that these quadratic generators commute with Si, S2 and S3 (this also follows from 
the derivation properties of the commutators and the corresponding commutation of 

the linear generators Pi, Ki, and this proves that the Schrodinger equation for the 
free particle in the noncommutative plane has the Schrodinger algebra as a symmetry. 
Notice, however, that in this coordinate representation of the non-reduced quantum 
space the quadratic operators contain second order derivatives, and hence do not gen- 
erate point transformations for the coordinates x, v. This is in agreement with the 
results obtained in the reduced space quantization and the Fock space representation. 
In any case, the fact that the linear generators commute with Si, S2 and S3 allows 
to prove that the quadratic ones also commute, and thus generate symmetries of the 
Schrodinger equation of the free particle in the non- commutative plane. 
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